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Introduction

Collisional kinetic equation with no force :

0y +v-V)F(t,z,v) =CI[F(t,x,")] (v)

Macroscopic elastic conservation (mass, momentum, energy):

o(v) =1L v1,...,vq, 0] C[F](v)p(v)dv = 0.
Rd'

Microscopic dissipation (H-theorem) : For some convex ® : R — R

VF, / C[F](v)®(F(v))dv <0.
Rd
and, denoting m = / F(v) (1,v, [v|?) dv the conserved macroscopic quantities
Rd

VF, dC[F](v)@(F(v))dsz(:)C[F]:0<:>F(U)=Mm(v).

Examples : (quantum) Boltzmann and Landau, BGK, non-linear Fokker-Planck



Introduction

Small fluctuations in diffusive regime : F(t,z,v) = My01(v) +ef° (e2t,ex,v)

Ouf* = AL —ev- Vo) fF + 71 QU f) +o (7))

where C[M g1 + eg] = eLg +2Q(g,9) + 0 (£?)

Theorem (Bardos, Golse, Levermore, 1991 (for ®(u) = — logu))

If f¢ — f9 and every term of the equation converges formally, then

ot z,v) = (uo(t, z) v+ 0%t ) (Jv)® — est.)) Mi 1 (v)

Ol + u¥ - Vul = ke Aul + Vp, V-ul =0, K= Kine(L) >0,
0,60° + ul - VO° = Ky, AGO, KFou = Krou(L) >0

Weak convergence: For Boltzmann (Bardos, Golse, Levermore, Saint-Raymond,
Arsénio)
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Small fluctuations in diffusive regime : F(t,z,v) = My01(v) +£f° (e2t,ex,0)

Ouff = AL —ev- Vo) fF + 71 QU f) +o (7))

where C[M 01 4 €g] = eLg +2Q(g,9) + 0 (£?)

Theorem (Bardos, Golse, Levermore, 1991 (for ®(u) = — logu))

If f¢ — f° and every term of the equation converges formally, then
o, z,v) = (uo(t, z) v+ 0%t ) (Jv)® — cst.)) Mi1(v)

Ol + ul - Vul = ke Au® + Vp, V-ul =0, Kipe=kine(L) >0,
0¢0° + u° - VO° = kp,, A0, KFou = Krou(L) > 0

Quantitative convergence: For Boltzmann or Landau (Bardos, Ukai, Gallagher,
Tristani, Carrapatoso, Rachid) using spectral studies (Ellis, Pinsky, Yang, Yu)




Introduction

Small fluctuations in diffusive regime : F(¢,z,v) = My 0,1 (v) +ef¢ (£%t,ex,v)

0 f° = 2L —ev-Vo)f* +e 1 Q(f% ) +o ()

where C[M g1 + eg] = eLg +2Q(g,9) + o (£?)

Theorem (Bardos, Golse, Levermore, 1991 (for ®(u) = — log w))

If f¢ — f° and every term of the equation converges formally, then
fo(t,z,v) = (uo(t, z) v+ 6%t z)(jv]? — cst.)) Mio1(v)

Ol + u® - Vul = ke Au® + Vp, V-ul =0, Kie=kin(L) >0,
0:0° + ¥ - VO° = Kk AG°, KFou = Krou(L) > 0

Limitations on quantitative approach:
» Only ®(u) = — log u (exclude quantum equations)
» Equations treated separately (although common structure)
» Non-constructive spectral studies
> Restrictive integrability condition




Introduction

Our structural assumptions

Consider V! C V. C V! where V := L? (u(v)"'dv) and V1 := (V)
(H1) Isotropy : £ and Q commute with orthogonal change of variables.
(H2) Macroscopic conservation law:

ker £ = Span (p, vip, . .., vap, [v*n) C V?

(Lf,o)v =(Qf, ) p)v =0, ¢ € ker(L)

(H3) Microscopic dissipation (linearized H-theorem):
(Lf v < —IMgeryr 72 and - [£, {0)' ] = L.O.T.
L = dissipativ compact
(H4) Control of the collisions by the energy V and the dissipated entropy V' ':
10, Pllv-1 S I fllvellgllv + £ v llgllve

(H3) and (H4): gain and loss of “‘regularity” V*!
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Strategy

Our problem: profile of small fluctuations f¢ around an equilibrium
(3 1 (> 1 £ 1 £ £ — g
atf +gvvxf = ?Ef +EQ(.}C a.f ) +Q€€/J/)/v f (Oa‘T,U) :fin(xvv)

Goal: show that 3! f¢

e—0

et zv) — (u(t,x) cv 4 0(t, x) (|v|2 — cst.)) w(v)

O+ u - Ve = KineAgu, Vg-u=0,
00 + u - V0 = Kpou AL 0.

and describe/quantify the convergence.



Strategy

Our problem: profile of small fluctuations f¢ around an equilibrium

() =US(t) fin + 95 (f5, ) (1)
where

U= (£) = exp (; (L—ev- vw))

W, £)(8) = L / US(t — 1) Q(f (). f(r))dr

3

Goal: show that 3! f¢

e—0

fe(t, 2, 0) == (u(t,z) v+ 0(tz) (Jv]* — est.)) p(v)

Ou+u-Vau = KineAzu, Vg -u=0,
8t9 +u- Vmﬁ = ﬂFouA10~

and describe/quantify the convergence.



Strategy
Strategy for the existence of solutions

Find a decomposition of the semigroup/nonlinearity:

t
U(t) = exp (62 (L—ev- Vm)) = Uyaro @ Ukine

v (rnm -1 | U= QU L) = Wiy (. )+ Vil 1)
compatible with some ‘‘hydrodynamic” and ‘‘kinetic” regimes/norms:
1UnyaroFlle S 1 flmrevs WUkinefllxe S I f 12y,
1o (5 Ol S IGe 196ae(f Pl S 1R
where the regimes are defined as

oo
115, = §1>1£>||f(t)||§pzvl +/ Ve f )Gyt (Smetioon)
> x v 0 @ v

Navier-Stokes

ot/e2 1 o ot/e2 dissipativ
HfH}QCE = ?1;%)6,2 t/e Hf(f)H%JﬁVL + 57/0 e20t/ ||f(t)‘|§{ivv1dta (ns51pa11 c)

equation



Strategy

Strategy for the existence of solutions

Find a decomposition of the semigroup/nonlinearity:

t
U®(t) = exp <€2 (L—ev- vw)) = Ulfydro ® Ufine

V(A0 = 7 [ U= DR, ST = Wi £.)+ Vil £-1)

compatible with some ‘‘hydrodynamic” and ‘‘kinetic” regimes/norms:

1Unyaro Flle S 1 lmzevs IUkinefllxe <

[ Phyaro (s Dl SR 1% (f Dl S I f NIk

and seek a solution of the form f€ = [, + [, . solving the (arbitrary) system

f}fydro (t) = U}fydro( )fm + qjhydro (fhsydro’ f}fydro) + small coupling
fksine(t) = Ukaine( )fm + \Ijkme( fkme’ fkeine) + small coupling



Strategy

Strategy for the convergence

def
Kinetic convergence : || 5, .[x: S 1= f5,. = O ( —Ut/62)

Hydrodynamic convergence : To prove the convergence of

f}fydro (t) = U}fydro (t) fin + \Ilflydro (fheydrov f}::ydro) +

(1) Show the convergence of the ‘‘hydrodynamic” operators:

Ul‘fydro = UIE)IS + O(E) and \I/kslydro(fa f) = \IJI%S(fa f) +

(2) Check from explicit expressions of UZg and W3 that

F(2) =Uxs(t).£(0) + BRs(f. )(t)
[t z,v) = (u(t,z) v+ 0(tz) (Jv]* — cst.)) p(v),

(u,6) isamild solution of INSF

O(e)



Outline of the proof of the (non)linear bounds

Proposition (G, Lods)

The semigroup and Duhamelized nonlinearity split

€ t € TE
U*(t) = exp (;2 (L—ev- Vz)) = Utyaro(t) @ Ukine (1)

/ "t = QU (), F(P))r = Weya (£, )(B) + Wi (£ O

and satisfy the continuity estimates
”Uhsydrof”’H /S Hf”Hf,Vv? HUkEinefH/CE S ||f‘ HLV,

[ Phyaro(fs Ol S UG 1Gine (s Nl Sellf]

Goals/difficulties:
1. Find the decomposition in U¢-invariant subspaces H:V,, = hydro® & kine®
2.
3. Compensate the deregularizing effect @ : V! — V1!

2
ce




Outline of the proof of the (non)linear bounds

Finding stable subspaces of £ — v - V, : localization of (£ — iv - £)

Localization for £ = O:

— )

Az TO

Localization for |£| < 1: Localization for |£| 2> 1:

Rz = 7)\5

CHE

6>0 ~ min{1, [}

Factorization method inspired from [T] Mode by mode hypocoercivity from [D]
using [£, (v)] =L.O.T. from (H3)

Disjoint parts of (£ — iv - £) = invariant kinetic(¢) and hydro(&) subspaces

[T] Tristani, 2016 (j.jf2.2015.09.025)  [D] Duan, 2011 (0951-7715/24/8/003).



Outline of the proof of the (non)linear bounds

The kinetic regime

Scaling (t,z) — (£,%2) = L —i(v-§) = & (L —ic(v-€))

Localization for |¢]| < e~ 1: Localization for [£| > e~ 1:

#
Re < —-%

‘0
Gearhart-Pruss . t-2
exponential decay feV=e U f €LV,
theorem
hod usi . . o
By RIS ™ integral regularization ce et UG, f € L2V)
V! _dissipation of £
= | [[Ugine fllcs < ||f||H§VU | fllce = H"fm/i“./‘HrﬁH;v, +e lH('fm'""f“./'\ L2HLV]

= || Uksine *t Q(faf){

o =195 (£ Dlle < I




Study of the hydrodynamic operators

The hydrodynamic regime
Perturb" theory for £ — iv - £ : conservi® laws (¢ = 0) — hydro. modes (|¢| < 1)
RNz < —0”/e?

: +iclh — o fe]? +

—Kroul€]? + ... —Kinel€]?2 + ...

c@ — Kosel€]? + .. .~

— _ —~

Uty = Upe + Ubow + Uy U (0)F(6) = ¢ " COP () F(€)

> R (e2N(€)) ® —r.|E]? = UL(t) = e+ Py (eD,) = parabolic in (¢, z)
> P, (€): V7! — V! = regularization in v

WUl S Wl e | W le = [ e ey + UV Fllzz ey

> O 1 ker(L) + expansion of P, = P,(c£)Q = PLHT + O (€) (gain )

= HsilU}fydro *t Q(fvf)”g_l = H\I’hydro fv H?—L ~ ”fHH




Conclusion

Statement of the theorem

Previous estimates: || fi 4, (0)[| < lande <1 Pleardnear 0, 3 pe.

Picard near f,f,Js
— 3f°

Better: 3fJ5 + norm such that HfNOS”H(fo <ik1 (as in [GT))
NS’

)
Theorem (G, Lods) — Annales Henri Lebesgue (10.5802/ahl.215)

Consider any (non-small) f;, € H/L? (u’ldv), for any ¢ < 1, 3! solution to
Orfs+e v -Vofs =e 2L+ 1Q(f5, f5), f°e€LPH'L? (,u_ldvdx) ,

with the same lifespan as the Navier-Stokes limit fJs, and for smooth initial data

d—1

= Rs+0 () +0(ve) +O (/)T )
with computable constants, and for incompressible initial data

fF=Rs+0 (eft”/g) + O(e) (optimal)

[GT] Gallagher, Tristani, 2020 (10.5802/ahl.40).



Conclusion

Remarks and perspectives

Better integrability in v: similar assumptions in W = L? (m(v)dv) D V:
> fin(z,:) € Wy = fipe(t,@,-) €W, but fhsydro(t’x? JEVL,CW,
» Nonlinear theory more complicated (Boltzmann without cutoff/Landau):

1R, Dllw— Zl fllwllgllws + [1.fllw [lgllw

Use of isotropy: adaptable to relativistic velocities v - V, — ﬁ -V

Perspectives:

» OK for bilinear approximation of general models — include remainder o(e~1):

> Quantum Boltzmann/Landau: C[F] = Q(F, F) + 3T (F, F, F)
» BGK:C[F] = M[F] - F

» Nonlinear Fokker-Planck: C[F| = TrV, - (M [F]V, (ﬁ))
» Confining force V,¢ = modified transportv -V, - v -V, —V,¢ -V,

» Fluctuation around inhomogeneous Maxwellian (stationary Euler sol. (R, U, T))
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Conclusion

Remarks and perspectives

Better integrability in v: similar assumptions in W = L2 (m(v)dv) D V:
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coercivity

» Fluctuation around inhomogeneous Maxwellian (stationary Euler sol. (R, U, T))



Conclusion

Remarks and perspectives

Better integrability in v: similar assumptions in W = L? (m(v)dv) D V:
> fin(z,) €Wy = foe(tiz,) €Wy but  fL (tx,-) €V, CW,
» Nonlinear theory more complicated (Boltzmann without cutoff/Landau):

Use of isotropy: adaptable to relativistic velocities v - V, — ﬁ -V

Perspectives:

» OK for bilinear approximation of general models — include remainder o(e~1):
> Quantum Boltzmann/Landau: C[F] = Q(F, F) + 3T (F, F, F)
» BGK:C[F] = M|F]| - F

» Nonlinear Fokker-Planck: C[F| = TrV,, - (./\/1 [F]V, (ﬁ))
» Confining force V,¢ =- modified transportv -V, - v -V, — V.0 -V,
» Fluctuation around inhomogeneous Maxwellian (stationary Euler sol. (R, U, T)))

F(t7 z, U) = MR(EJ&).U(EJC).T(EI) + Efe (EQta EX, EU) ;



Thank you for your attention



Extra
Finding stable subspaces of £ — v -V : localization of (£ —iv - £) for [¢] <« 1
Goal: find Rz > — )\, + J such that (£ —iv - £ — 2)~! is bounded on V/

Naive approach for localization:

(L—iv-&—2) ' =(L—2)" +(L—iv-E—2)7" (L—2)7" ()
O(1/|z]) O(1/]z])

Enlargement method: £ = B+ Awith A = M1,<pr : V — (Vv
(£, (v)] = L.O.T. from (H3) = ||(B—iv-& —2)" Y| <lonVand (-)~'V
= (L—2)7"Y <14+ 1/|zlonVand () 7'V
Insert (%) in the right hand side of the expansion
(L—iv-E—2)t=B—iv-E—2) +(L—iv-&—2)TAB:e — 2) 7t
to use that :
(L—iv-E—2)t=B—iv-E—2)"" +(L—2)TAB: —2)*
bounded
+(L—iv-E—2)7" (L—2)" " ABe —2)7"

of order |£|(141/|2|)




Extra
Finding stable subspaces of £ — v -V : localization of (£ —iv - £) for [¢] <« 1
Goal: find Rz > —\. + 6 such that (£ — iv - £ — z) ™! is bounded on V/

Naive approach for localization:

(L—iv-E—2) ' =(L—-2) " HL—iv-E—2)7" (L-2)7" ()
o(1/12)) o(1/1z))

Enlargement method: £ = B+ Awith A = M1, <p : V — ()7'V

(£, (v)] = L.O.T. from (H3) = ||(B—iv-& —2) "' <1lonVand (:)~'V
= [(L—-2)"Y<1+1/]zlonV and () 7'V

z

Insert (%) in the right hand side of the expansion
(L—iv-E—2)t=B-iv-E—2) +(L—iv-&—2)TABe — 2) 7t

to use that

(£ = iv-€ = )7 (1= est (1 1/J0) S 1+



Extra
Finding stable subspaces of £ — v -V : localization of (£ —iv - £) for [¢] <« 1
Goal: find Rz > — )\ + J such that (£ —iv - £ — 2)~! is bounded on V/

Naive approach for localization:

(L—iv-E—2)t=(L—2)" (L —iv-&—2)7" (L—2)71 &)
O(1/1z]) O(1/]z))

Enlargement method: £ = B+ Awith A = M1, < : V — ()7'V

(£, (v)] = L.O.T. from (H3) = ||(B—iv-& —2)" Y| <lonVand (-)~'V
= (L—2)""<1+1/|z[onV and (-)~'V

Insert (%) in the right hand side of the expansion
(L—iv-€—2)t=B-iv-E—2) '+ (L—iv-&—2) T ABe — 2) 7!

to use that

|16l < and €] < |o| = (£ —iv-€— =) < 1]




Extra
Finding stable subspaces of £ — v -V : localization of (£ —iv - £) for [¢] <« 1
Goal: find Rz > — A, + J such that (£ —iv - £ — z)~! is bounded on V'

Naive approach for localization:

(L—iv-E—2)t=L=-2)"HL—iv-E—2)7! (L—2)"1 &
o@/lz)) o@/|2))

Enlargement method: £ = B+ Awith A = M1, <y : V — ()7'V

(£, (v)] = L.O.T. from (H3) = ||(B—iv-& —2)"'| <lonVand (-)~'V
= (L—2)" | <1+1/|zlonV and () 'V

Insert (%) in the right hand side of the expansion
(L—iv-&—2)t=B—iv-E—2)"'+(L—iv-€—2) " AB: —2)7*

to use that

€] < 1= S(£ —iv-€) C B(0,Ce]) U {Rz > —Ac + 6} |




Extra

Construction of the hydrodynamic modes
Expansion of the spectral hydrodynamic projector/Kato’s isomorphism :
Resolvent bounds + enlargement method using [£, (v)?x] = L.O.T. from (H3)

= expansion of hydrodynamic projector P (&) : V! — hydro space(¢) € V!

= expansion of Kato’s isomorphism ®(¢) : ker(£) — hydro space(&)
Diagonalization/expansion of the hydrodynamic part of £ — iv - £ for |{| < 1:

. @(§) .
Define the reduced matrix L(¢) € B(ker(L)) ~" (L —i(v-£)) Ihydro. space(€)
Isotropy = L(&)|¢|—o diagonalizable = diagonalization/expansion of L (&)

=> expansion of spectral projections using expansion of ®(&):

73(5) = PFou(f) D PinC(f) S2] P+OSC(§) S2) P—OSC(f)v
Pu(€) = PV (¢/1€) + € P (€/1E) + O (I€2) - vt — V)

=> expansion of eigenvalues:

)\Fou(f) = _HFou‘g‘Q +0 (|€|3> ) /\inc(g) = _Hinc‘g‘z +0 (|§|3) )
Aose(§) = Ficl¢|—rosc|E]* + O (1)



Extra
Hydrodynamic regime (x = inc, Fou, +osc)
Linear estimate:

A*(@wm*mfe*£|2:»%(A*§£)> Sl and PV o W)

)\ (EVT)
e2

= |le! Ps(

||Uhydrof||H Hf“H"V !

Bl

HV, !

\Uf(t)f||H£V771
Reminder: # = L{° H! N L2 H!H! (parabolic regularity)
Nonlinear estimate:

P(O)err(c) =P® and QL ker(£) from (H2) = PO =0

= P()Q~0+£-PWY(¢/IE]) Q(f 9)e V!

= || e e 00| = [l D % 17T

H




Extra
Rough idea of the proof of hydrodynamic convergence

Refining the previous step, one gets for x = Fou, inc
US(t) =U%t)+ O(e) and WE(t) = ¥o(t) + O(e)
where each limit writes
Uo(t) — etm*Aer(())(vx)
t
WALOO = [ S POT)Q(f(7), 1) dr
0

which is related to the mild formulation of Navier-Stokes-Fourier:

ult) = etmneday(0) + /O TRAP T, - (u(r) © u(r))] dr

0(1) = etrBe(0) + /(’A (Vo (0(r)u(r))] dr

And for the oscillating terms:

Uiosc(t) =0 (%) and \Ili:osc(fﬂ f) = 0(5) .



Extra

Kato’s reduction process: eigen. pbm. in Banach — eigen. pbm. in finite dimension

Figure: Localization of Spec(£ — i(v - £)) for |¢] < 1

Goal: expansion of eigenvalues and eigenfunctions of (L’ —i(v-¢& )) Inydro. space(€)

Difficulty: hydro. space({) depends on £



Extra

Kato’s reduction process: eigen. pbm. in Banach — eigen. pbm. in finite dimension

Figure: Localization of Spec(£ — i(v - £)) for |¢] < 1

Goal: expansion of eigenvalues and eigenfunctions of (L’ —i(v-¢& )) Inydro. space(€)

Difficulty: hydro. space({) depends on £
Solution: Rectify £ — i(v - £) to a matrix L(§) by conjugating with

®(&) : hydro. space(§) 50 ker £ ~ CH2



Extra

Kato’s reduction process

-
Tl =

Projection on the hydrodynamic spectrum(§) = R(P(&)):

PE) = — (= L+i(w-€) dze B (V' =V

2m |z|=r

Kato’s isomorphism:
POPE) +PO) PE)" = : hydro. space 50, ker(L
Jd— (PE PO (€) : hydro. space(§) — ker(£)

B(E) = Id+ [g[o) + g, D ez (VT V)
Rectified operator:

L(&) = 2(&) (L —i(v-€)P(&) " € B(ker L) ~ ClITD*(dF2)




Extra
Diagonalization of L(¢) = ®(¢)~1 (£ —i(v - £)) ®(€)

Problem: [¢|71L(&) 20 matrix with non-simple eigenvalues

Solution: Isotropy of £ = block representation of L(§):

 (ine(Od 0 ) e 1EP?
L(g) - ( 0 €|M(£)> ) )\mc(g) - mc|£| ’

in the decomposition

{u-v,u|uJ_§}@{Qu+a£-vp+e|v|2u : (0, a,e) €R3}

+ic 0 0 —Kosc * *
M(g) = 0 0 0 + |€| * —KFou *
0 0 —ic * * —HKosc

Conclusion: L(&) diagonalizable + expansion of eigenprojector and eigenvalues:
Atose(§) = Ficl¢] — “os&:‘€|2 ) AFou(§) = _”Fou|§|2

where

L(E) =Y AP,  Pu&) =P +|e|P + g2 P



Extra
Diagonalization of L(¢) = ®(¢)~1 (£ —i(v - £)) ®(€)

Problem: |¢|~1L(¢) 20 matrix with non-simple eigenvalues

Solution: Isotropy of £ = block representation of L(¢):

= (" ) wl© = e ,
in the decomposition

{u-vplu L& {op+at-vu+elwu: (o,ae) € R}

where

Consequence: expansion of ®(£) = expansion of (£ — i(v * £))|nydro. space(e)

(C - ’i(’U : g))\hydm space(€) (ID(g)_lL(g)CI)(f)



Extra
Diagonalization of L(¢) = ®(¢)~1 (£ —i(v - £)) ®(€)

Problem: [£|71L(&) 20 matrix with non-simple eigenvalues

Solution: Isotropy of £ = block representation of L(¢):

inc d
L(E) = (/\ E)f)l §|]\3(£)> s )\inc(g) = _"ﬁinc|f|2 y
in the decomposition

{u-v,u|uJ_§}@{Qu+a£-vp+e|v|2u : (0, a,€) E]Rg}

+ic 0 0 —Kose * *
ME&=10 0 0 |+ * — KFou *
0 0 —ic * * —Kosc

Consequence: expansion of ®(¢) = expansion of (£ —i(v - §))

where

|hydro. space(&) :

(‘C - i(”U ’ 5))|hydro. space(€) — Z )‘*(S)P*(g)

Pu(&) = B(&) T P(6)D() = PV + || P + |¢)PP, ) =1yt
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